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The number of planted plane trees with n nodes, m leaves, and height h is 
computed. Assuming that all n-node planted plane trees with m leaves are equally 
likely, it is shown that the average height h(n, m) is asymptotically given for all 
- E > 0 and fixed p = m/n. 0 < p < 1, by 
h(n, m) = (nn@-’ - 1))‘12 + 1.5 -p-I + O(ln(n)/n”‘~“). 
1. INTR~DUCTI~N 
The height of a planted plane tree, that is, a rooted tree which has been 
embedded in the plane so that the relative order of subtrees at each branch is 
part of its structure, is the number of nodes on a maximal simple path 
starting at the root. Planted plane trees and their height appear in many 
disguises, e.g., in connection with discrete random walks in a straight line, 
with the classical ballot problem or with the Dycklanguage D, [2,4, 51. The 
height of a tree is also of interest in computing because it represents the 
maximum size of a stack used in algorithms that traverse the tree [ 2, 91. 
In [2] there is computed the average height of a planted plane tree with n 
nodes assuming that all n-node trees are equally likely. Our goal in this 
paper is to study the average height _h(n, m) of a planted plane tree with n 
nodes and m leaves assuming that all these trees are equally likely. It is clear 
that the height of a planted plane tree with n nodes and one leaf is equal to n 
and that the height of a tree with n nodes and (n - 1) leaves is equal to two. 
Hence, we may expect that there is a connection between the quotient 
p = m/n and the height of the corresponding tree. It is not hard to see that an 
upper bound for the height h(n, m) of a n-node planted plane tree with m 
leaves is given by h(n, m) < n - m + 1 = (1 - p)n + 1. In order to get a 
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lower bound for h(n, m) consider a tree with height h and m leaves. 
Obviously, the maximum number of nodes of such a tree is h a m - m + 1. 
(Take a root node and attach m subtrees each of which has height (h - 1) 
and one leaf.) Thus, we have in general n < m . h(n, m) - m + 1, that is 
h(n, m) > (n + m - 1)/m = ](n - 2)/m] + 2. Summarizing these bounds we 
obtain 
[p-‘(l-2/n)J +2<h(n,m)<(l -p)n+ 1, 
wherep=m/n, 0 <p < 1. 
In this paper we show that the average height _h(n, m) of a n-node planted 
plane tree with m leaves is asymptotically given for all E > 0 and fixed 
p=m/n,O<p<l,by 
_h(n, m) = (xn@-’ - I))“’ + 1.5 --p-l + 0(ln(n)/n”2-E). 
2. ENUMERATION RESULTS 
This section is devoted to the enumeration of planted plane trees by nodes, 
leaves, and height. We start our study by reviewing some known results. 
Let t(n) be the number of planted plane trees with n nodes. It is well 
known [9, p. 3891 that t(n) is the Catalan number’ t(n) = (l/n)( :I:) and 
that the generating function is given by 
C(z) = s t(n)z” = f(1 - (1 - 4z)“Z). (1) 
n>l 
The Taylor coefficients of the powers of C(z) are also well known [ 12, 
p. 1541. We have in general for p > 1 
P(z) = -s ~~~ [ (“+;- ‘)- (2-; l)]zfl+p. (2) 
It is not hard to see that the coeficient of znP1 in the evaluation of Cp(z) 
can be interpreted as the number of all n-node planted plane trees with a root 
of degree p [5]. 
Now, let t(n, m) be the number of planted plane trees with n nodes and m 
leaves and let 
F(z, y) = s C t(n, m)z"Y 
n>l rn>l 
’ Throughout this paper we shall constantly use the convention that the binomial coeffkient 
( ; ) is 0 for n < 0, k < 0, or n < k. 
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be the generating function of the numbers t(n, m). In [8], the author showed 
that F(z, y) satisfies the quadratic equation 
F2(z, y) - (1 + z(y - 1)) F(z, y) + zy = 0 (3) 
which has the solution 
F(z, y) = +<1 + z(y - 1) - ((1 + z(y - 1))’ - 4zy)“2) 
= (1 + Z(Y - 1)) WYN + Z(Y - l))“>, (4) 
where C(z) is given by (1). Using (2), the Taylor coefficients of the powers 
of F(z, y) can be computed. We have in general for p > 1 [8 1, 
Fp(z, y)=zpyP tp \‘ -%- 
It is easy to see that the coefficient of z”ym in the evaluation of FP(z, y) can 
be interpreted as the number of all (n + 1)-node planted plane trees with a 
root of degree p and M leaves. Choosing p = 1, we obtain 
t(n, m) = 1, if n=m=l, 
if n>2 and m>l, (61 
= 0, otherwise. 
This result appears in the literature in connection with some other 
combinatorial problems (e.g., [ 10, p. 191; 11; 12, p. 171). 
Now, we are ready to compute the number h,(n, m) of all planted plane 
trees with n nodes, m leaves, and a height less than or equal to k. Let 
F;c(z, Y) = C 1 h&z, m)znym 
n>1 In>1 
be the generating function of the numbers h,(n, m). We obtain all planted 
plane trees with m leaves and height less than or equal to k by taking a root 
node and attaching zero or more subtrees of height less than or equal to 
(k - I), where the total number of leaves of these subtrees is equal to m. 
Hence, in terms of the generating function F,Jz, y), k > 2, 
F&, Y> = z (Y + rTl G- ,tz, Y)) 
=zy++F,-,tz,~)/(l -Fk-&,Y)). (7) 
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Obviously, the initial condition is F,(z, y) = zy. Lemma 1 gives an explicit 
expression for F,(z, y). It can be proved by induction on k. 
LEMMA 1. The solution to recurrence (7) is for k 2 1: 
Fk(ZT Y> = Z(Y - 1) + 2ZP,-,k YYPk-I(4 Y>Y 
where 
Pk(Z, y) = (1 - zy - z + w)( 1 - zy + z + IV)” - (1 - zy - z - W)( 1 - zy + 
z - W)” and W= ((1 + z - zy)’ - 4~)“‘. 
Now we have to evaluate the function F,(z, y). We prove the following 
THEOREM 1. The number h,(n, m) of all planted plane trees with n 
nodes, m leaves and a height less than or equal to k is given by 
hk(l,m)=6,,,,h,(n,m)=6,,,6,,,andfork>2,n>2by 
h,(n, m) = t(n, m> - [Q,< n, m, k) - 2&&z, m, k) + Q- ,(n, m, k)], 
where 
Q,(n, m, k) = x 
n-s(k- l)-2 n+s(k- l)-2 
m+s+a-1 ; S>l m-s-a-l 
a,,,, is Kronecker’s symbol. 
ProoJ The fact P,(z, y) = zy implies our proposition for k = 1. Now let 
k > 2 and define H(z, y) := F(zy, y-i), where F(z, y) is given by (4). We 
obtain immediately 
by (3): H’(z, y) - (1 - zy + z) H(z, y) + z = 0, (84 
by (4): H(z, y) = (1 - zy + z - w)/2, (8b) 
by (5): HP(z, y) = zp + P v =C cgc) 
where p > 1 and W is given in Lemma 1. Now, an elementary computation 
shows that the following relations are true 
(a) 2z/(l - zy + z + w> = H(z, y), 
(b) (1-zy-z-IV)/(1-zy-z++=z-Zy-‘[~(z,y)-z]2, 
(c) (1-zy+z-kV)/(1-zy+z+IV)=z-‘H~(z,y). 
Using these equations we obtain with Lemma 1 
F,(z, y> = + - ‘) + H(zY Y> 
1 -z-“y-i[H(z, y)-z]2H2k-4(z, y) 
1 -z-(k+l)y-l[H(z, y) -z]*EP-*(Z, y) . (9) 
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An application of the relation CsaO xs = (1 -x)-l and of the binomial 
theorem leads directly to 
F,(z, y) zzz z(y - 1) + x z-Sk-sy-s[H(z, y) - zlZS H2Sk-2S+‘(Z, Y) 
S>O 
- TZ  -sk-s-ky-s-l[H(Z, y) pz]*s+2 H*sk-*s+2k-3(z, y) 
S>O 
HZsk-Zs+r+ l(z, ,,,) 




2 ) H2sk-2s+2k+r-3(z, y) 
Since 2sk-2s+r+1>2s+r+l>l and 2sk - 2s + 2k + r - 3 > 
2s + r + 1 > 1 for k > 2, we can use the explicit expression for HP(z, y) 
given in (8~). We obtain immediately 
Fk(Z, y) = z(y - 1) + F- -i- Z+s+‘yq-l)’ -- 
S&O r>o i ) 
‘,” 
- \;’ K;’ z sk-s+k+ 1 
ST0 rye 
Y 
--s-yel)r (2s; 2) 
+ K7 T  v \’ z-Skts-rtnym-s(-l)rA(s, r, n, m,  k) 
$70 If0 “71 myI 
- A(s,r,n,m,k)= 2sk 2s + r + 1 n - 2sk + 2s 
(tt)(Y)( m-l 
- r - 2 
n ) 
B(s, r, n, m, k) = 
2sk-2s+n2k+r-3 (;)( 2s;“) 




Since Crao (--1)‘(:) = 4.09 the first two sums collapse and give the 
contribution z to Fk(z, y). A simple rearrangement of the terms in the third 
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and fourth sum leads directly to FJz, JJ) = zy + CnaO Crnhr, Kk(n, m) Z~JF, 
where 
&(n, m) = v K- (-l)r-~-s(~-~) r-n+s(k- 1)+ 1 
ST0 ry1 r 
’ r-n-s(k- 1) ( 2s )(m:s)(n-;~2-2) 
_ v -q- (-l)r-n-k-s(k-l) r-n+s(k-l)+k-1 
sql ITI r 
X 
( 2s+2 )(m+:+l)(*-sf;s”-“). r-n-k-s(k-1)+2 
Since &(n, m) = 0 for n = 1 we have in general hk( 1, m) = a,, I for k > 2 and 
h,(n, m) = h-,(n, m) for n > 2 and k > 2. Splitting up the first sum of the 
above expression for t&z, m) into a part for s = 0 and a part for s > 1 and 
decreasing the index s by 1 in the second sum we obtain further 
h,(n, m) = t(n, m) + x (-l)n+s+l) n-s(k- 1)-2 
m+s-1 g,(m, s, 4 S>l 
)g,(wA] 
where t(n, m) is given in (6) and g,(m, s, k) is defined by 








gJm, s, k) = (-l)n+s(k-‘)-a 1 (-1)’ ( 
r+n+s(k- 1)-a 
r>0 m+s 
r+2s(k- 1)+ l-2a 
r+n+s(k-1)-a ’ 
Since aE (0, l}, we have n+s(k- 1)-a>n+s-a>n>2, m+s> 1 
and 2s(k - 1) + 1 - 2a > 2s - 1 > 1. Hence, we have to investigate the sum 
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for x, y, p, q E N, because 
g*(m, s, k)= (-l)“+s(k-‘)-a S(n+s(k- 1)-a, mts, 2s, 24/t-l)+ I-2a). 
(11) 
Since in general 




w( y-l )(fp+q) 
=y-’ x (-1)’ 
r>1 (‘:“T’)(:)r 
+w-’ s C-1)’ (‘-7 l)(f) 
r>0 
= y-‘p 1 (-,)r+‘ 
r>o (I’; )(“r ‘) 
+41-‘~~o(--1)‘(r~~T1)(~). 
Now, an application of the general identity (9, p, 581, 
leads to 
qx9Y>P9q)=Y-1(-1)p 4 
[ (,“,‘I )+PL’,lJ* 
Therefore with (11) 
g,(m, s, k) = (-l)n+s(k-l)-Q L& 
[ 




n + s(k - 1) - a - 1 
m-s- 1 ) i 
+ 2s n + s(k - 1) -u 
m---s )I# 
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Note that 2s(k- I)+ I-2a=(n+s(k- I)-a)-(n-s(k- l)+a- 1). 
Using this relation and (12), the expression g,(m. s, k) can be easily 
transformed into 




n-s(k- l)+a- 1 n+s(k- 1)-a- 1 - 
m+s m-s-l )I* 
Hence with (10) 
hk(np m) = t(n, m) + s [( 
n-s(k- l)-2 n+s(k- 1) 
Sal m+s- 1 m-s 
n-s(k- l)- 1 n-s(k- l)-2 n+s(k- l)- 1 - 
m+s m+s-1 m-s- 1 
- K 
\‘ n-s(k- l)- 1 n + s(k - 1) - 1 - 
s>l m+s-1 m-s 
n+s(k- l)-2 - 
m-s-l ’ 
Again using (12), for k > 2, n > 2 we get finally 
h,(n, m) = t(n, m) + x 
[i 
n-s(k- l)-2 n+s(k- 1) 
s>l m+s-1 m-s 
i 
n-s(k- l)- 1 n+s(k- I)- 1 - 
mfs m-s- 1 
-zl K 
n-s(k- I)- 1 
Ii 
n+s(k- I)- 1 
S>l m+s-1 m-s 
n-s(k- 1) n+s(k- I)-2 - 
m+s m-s-l ’ 
Now, an elementary computation leads directly to our result. This completes 
the proof of Theorem 1. 
The first few values of the numbers h,(n, m) are given in Table I. Since 
h,(n, m) = 0 for k E I,,,, where I,,, is the set of all natural numbers in the 
TABLE I 
The Number h,(n, m) of All Planted Plane Trees 
with n Nodes, m Leaves, and a Height <k 
m=l m=2 m=3 
\ n k 123456789>101234 5 6 7 8>9 123 4 5 6 7 >8 
1 111111111100000000000000 0 0 0 
2 011111111100000000000000 0 0 0 
3 001111111 10111 1 1 1 I 1000 0 0 0 0 0 
4 000111111100333333301111 I1 1 
5 000011111100166666600666 6 6 6 
6 0 0 0 0 0 1 1 1 1 1 0 0 0 3 10 10 10 10 10 0 0 5 20 20 20 20 20 
7 0 0 0 0 0 0 1 1 1 1 0 0 0 1 6 15 15 15 15 0 0 1 22 50 50 50 50 
8 0 0 0 0 0 0 0 1 1 1 0 0 0 0 3 10 21 21 21 0 0 0 15 60 105 105 105 
9 0 0 0 0 0 0 0 0 1 1 0 0 0 0 1 6 15 28 28 0 0 0 5 53 130 196 196 
10 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 3 10 21 36 0 0 0 1 35 128 245 336 
m=4 m=5 m=6 
\ n k 123 4 5 6 >7 123 4 5 >6 1 2 3 4 >5 
1 0 0 0 000 0 000 0 0 00000 0 
2 000 0 0 0 0 000 0 0 00000 0 
3 000 0 0 0 0 000 0 0 00000 0 
4 000 0 0 0 0 000 0 0 00000 0 
5 011 11 1 1 000 0 0 00000 0 
6 0 0 10 10 10 10 10 011 11 1 000 0 0 
7 0 0 15 50 50 50 50 0 0 15 15 15 15 011 I1 
8 0 0 7 91 175 175 175 0 0 35 105 105 105 0 0 21 21 21 
9 0 0 1 100 325 490 490 0 0 28 280 490 490 0 0 70 196 196 
IO 0 0 0 65 428 890 1176 0 0 9 444 1269 1764 0 0 84 714 1176 
m=7 m=8 m=9 m= 10 
\ n k 1 2 3 >4 1 2 >3 I 22 >1 
1 0 0 0 0 0 0 0 0 0 0 
2 0 0 0 0 0 0 0 0 0 0 
3 0 0 0 0 0 0 0 0 0 0 
4 0 0 0 0 0 0 0 0 0 0 
5 0 0 0 0 0 0 0 0 0 0 
6 0 0 0 0 0 0 0 0 0 0 
7 0 0 0 0 0 0 0 0 0 0 
8 0 1 1 1 0 0 0 0 0 0 
9 0 0 28 28 0 1 I 0 0 0 
10 0 0 126 336 0 0 36 0 1 0 
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interval I,,, := [ 1 : [(n - 2)/m] + l] (cf. Section 1) we obtain with 
Theorem 1 and formula (6) the remarkable identity 
v n-s(k- I)-2 n+s(k- l)-2 




m+s-1 m-s- 1 ) 
+ n-s(k-1)-2 
( mi-s-2 I( 
n+s~~~)-2)]=~(~)(~~:), 
where k E I, ,,, . Furthermore, we remark that the procedure given in 
Theorem 1 works also if we want to evaluate the function Fg(z, y), p > 1. In 
this case we have to apply the general identity Cs.+0 ( p-:ts)~s = (1 -x)-’ 
in (9) instead of CsaO xs = (1 - x)-‘. This leads to an explicit expression 
for the number of planted plane trees with n nodes, m leaves, a height less 
than or equal to k, and a root of degree p. 
3. THE AVERAGE HEIGHT OF AN N-NODE TREE WITH M LEAVES 
Assuming that all planted plane trees with n nodes and m leaves are 
equally likely this section is devoted to the computation of the average height 
_h(n, m). We shall derive an exact expression and an asymptotic equivalent of 
this quantify for large n and fixed p = m/n, 0 < p < 1. 
Since no tree with n nodes and m leaves has a height greater than 
n - m + 1 (cf. section 1.) we obtain for the average height 
_h(n,m)=t-‘(n,m) 1 k[h,@, m) - h,-,(n, m)], 
I<k(n-m+l 
where t(n, m) and h,(n, m) are given by (6) and Theorem 1. Now we prove 
THEOREM 2. The average height Q, m) of a planted plane tree with n 
nodes and m leaves is given by 
_h(n,m)= 2 + t-'(n,m)[fi(n, ml- 2fo(n, m> +f-dn,m)12 
where 
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Proof Using the fact h,(n, m) = t(n, m) for k> n -m + 1 the above 
expression for _h(n, m) can be easily transformed into 
_h(n,m)=n-m+ 1 -t-‘(n,m) 1 h,(n, ml. 
I<k(n-m 
Replacing h,(n, m) by the explicit expression given in Theorem 1 we get 
further for n > 2 by an elementary computation 
_h(n, m) = 2 + t-‘(4 m)[gl( n, m) - 2g,(n, m> + g- ,(n, ml], 
where 
A simple rearrangement of the terms in the sum g,(n, m) shows that 
gab, 4 = Mb m), where f,(n, m) is given in our proposition. This 
completes the proof of Theorem 2. 
Now, we shall give a detailed analysis of the average height _h(n, m) of a 
planted plane tree with n nodes and m leaves. First we prove 
LEMMA 2. The average height _h(n + 2, m + 1) of a planted plane tree 




1+ 1 -P(l -PI 
w(l -P> 
+ O(n-*> 1 
[ 2 X w(l -P> R,@, n) --I?,@, n) + O(n-‘+‘R,@, n)) , 1 
R,@,n)= x s (2~ +4" exp(-VP +d)*/(np(l -P>)). 
.a>1 dll 
Proof: We obtain with Theorem 2 and formula (6) by a simple com- 
putation 
_h@+2 m+ q&+(rn+ l)(n-m+ l) -- K 
n+l 
K‘ 19(& d, p, n> 
A>1 d? 
(13) 
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where 
and p = m/n. 
Now, we shall use the well-known method given in [2, 5, 61 in order to 
compute an asymptotic equivalent of the terms in the sum (13). First, we 
consider the expression (~;~)(~T~)/( t)’ for fixed p = m/n, 0 < p < 1. We 
have 2<d+A<n(l -p), A<n and dgpn. Defining for i>, 1 
(d + A)2i d2i 
--- 2” 
(1 -p)2i-l + p21-l Ii (n2’i(2i - l)), 
b,= (d+A)” 
I 
[ (1 -py Ii (n2’i), 
ci= 
(d + L)2i d2i __ _ A2i 
(1 -p)2i+l + p2i+l 
tn2i), 
we get by Stirling’s approximation [9, p. 1111 for d + A < n( 1 - p), A < n 




+ O((3, + d)2n-5) (14.1) 
and 
(14.2) 
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when d+,Ip>@(l -p))“2,“2+E for fixed E > 0. Now, let d + Ip < 
@(l -p))“5P+“, E > 0 fixed. We obtain immediately with (14.1) 
(1;:) (z+:)/(i)* =exp(-na, +O(n-I+‘)) 
= exp(-(@ + d)*/(np( 1 - p)>)( 1 + O(n- ‘+ “)). (15) 
Next, we consider the expression &I, d,p, n). An application of the 
geometric series leads directly to 
W, 4 P, n> = 4 
@P +dY _ 2 
n*/?(l -p)’ np(llFp) + O(n-*+‘) 
for d+,lp < (~$1 -p))“*n”*+‘. U sing this approximation, (14.2), and (15) 
we obtain for all fixed E > 0 and large n 
= O(exp(-n2E)), 
if d+Ap < (~$1 -p))“2n”2tE, (16.1) 
if d+@>@(l -p))“‘~“*+‘. (16.2) 
Thus, the sum of all terms for d + Ap > @( 1 -p))“*t~“~+ ’ in (13) is 
negligible, being O(nwS) for all s > 0. 
We now turn to the asymptotic behaviour of the above function R,@, n) 
for fixed a, p, and large n. Again the terms for d + l.p > @( 1 - p))“*n”* + ’ 
are negligible. Hence, we can use (16.1) to express _h(n + 2, m + 1) in terms 
of R,@, n). We obtain immediately our proposition because 
(m+ l)(n-m+ I)= @n+ l)(n(l-p)+ 1) 
n+l n+l 
=np(l -/I) + (1 -p(l -p)> + o(n-‘>. 
This completes the proof of Lemma 2. 
An inspection of Lemma 2 shows that the problem of obtaining an 
asymptotic equivalent for h(n + 2, m + 1) reduces to the analogous problem 
for R,@, n). We shall use the “gamma-function” method (e.g., [2, 5-7)) in 
order to evaluate R,@, n). First we prove 
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LEMMA 3. Let a, p be fixed, 0 < p < 1, and R,@, n) be the function 
defined in Lemma 2. We have 
R,@, n) =pa(2ni)-’ ~~~,~~ Ml - PYP)’ T(z) W - 4 
x [[(2z - a, b) - P,(2z - a)] dz, 
where c > (a + 1)/2 and b = 1 +p-’ - [p-‘1. Here, T(z) is the complete 
gamma function, c(z) is Riemann’s zeta function, [(z, b) is Hurwitz’s zeta 
function, and P,(z) is the function 
P,(z) = =T- 
OCA-&I ] 
(A + 1 +p-I - [p-‘l)-Z; 
1x1 denotes the least integer greater than or equal to x. 
Prooj We consider the function 
4,(z) = x -T- (Ap + d)-Z 
.a>1 dri 
for fixed p, 0 < p < 1. It is not hard to see that tip(z) can be transformed into 
$&) = C(z) F- (AP + l)--L, 
ATI 
where c(z) is Riemann’s zeta function [ 1, p. 2491. Since 0 < 1 + 
P -’ - [p-l] < 1, we have further 
f$(z) = C(z)p-’ v (A + 1 + p-y 
Ad0 
= C(zW’ A>;-,, (A+ 1 + P-l - lp-‘1)~’ 
=C(z)p-‘[C(z, 1 +p-l- IP-‘l)--p,(z)l~ (17) 
ihere <(z, b) is the Hurwitz zeta function [ 1, p. 2491 and P,(z) is the 
function defined in Lemma 3. Now, with the well-known formula 
exp(-x) = (2ni)-’ I::,: r(z)x-’ dz, x > 0, c > 0, 
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where T(z) is the complete gamma function, we find with (17) and the 
definition of R&I, n) given in Lemma 2 
x [((2z - a, b) - P,(2z - a)] dz, 
where now c > (a + 1)/2 and b = 1 + p-’ - [p-l]. It is not hard to see that 
the interchange of summation and integration is justified here because of 
absolute convergence. This completes the proof of Lemma 3. 
LEMMA 4. Let a, p be fixed, 0 < p < 1, and R,@, n) be the function 
deJned in Lemma 2. We have for all r > 0 
(a) Rob n> = i<dl -P)/P)“* 1441 - P)/P> 
+[ar-sin(2)-r~(b)-fC~<~.<,~-~,(IZ+b)-’l 
x (nn(1 -p)/p)“* + { + ip-’ + O(Cr), 
@I R,@, n> = $41 - p)(w(l -PI)“* ln(nU -PI/P) 
+ lb- ilnW+ i- b(b)- $ Co~.~cIp 11(1 +W’l 
X n(1 - p)(7wp( 1 - p))“’ + O(n-‘). 
Here, b = 1 +p-’ - [p-‘1, y is Euler’s constant and y(z) = (d/dz) ln(I’(z)) 
is the Psi function. 
Proof: Lemma 4 can be proved by starting with the integral for R,@, n) 
given in Lemma 3. It can be shown by a well-known method that we can 
shift the integration line to the left as far as we please if we only take the 
residues into account. There is a double pole at z = (a + 1)/2 and possibly 
some simple poles at z = -s, s E N,. 
First, we consider the double pole at z = (a + 1)/2. Let w  = z - (a + 1)/2. 
We have 
]n(l -p)/p]w+(u+1)‘2 = [n(l -p)/~]‘a+1)‘2[1 + wln(n(1 -p)/p) + O(w*)], 
T(w + (a + 1)/2) = T((a + 1)/2)[1 + w(@ + 1)/q + O(w2)1, 
P,(2w+ l)= s (A + b)-’ + O(w), 
O<A< le-‘1 
C(2w+ I)=$+-‘+y+O(w), 
[(2w + 1, b) = fw-’ - t//(b) + O(w). 
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The first three expansions are elementary and the next two for the c-functions 
follow directly from [ 13, p. 2711. Using these relations the residue at the 
double pole z = (a + 1)/2 can be computed. It is given by 
[n(l -p)/p](a+l)‘zq(a + 1)/2) 
x 
[ 
$y((a + 1)/Z) + iln(n(l -PI/P> + $7 - Mb) - 5 o<~o~,,(~+b)-‘]* 
(18) 
A computation of the residues at the simple poles at z = -s, s E N,,, leads 
directly to the expression 
(-l)“[n(l -p)/p]-s[(-2S - a)[l(-2s - a, b) -P,(-2s - a)]/s! (19) 
An inspection of Lemma 2 shows that we have to compute R,@, n) for a = 0 
and a = 2. With Lemma 3, (18) and (19), we obtain for all r > 0 
+ s;. (-l>“ln(l -PI/PI-” C(-2s) 
x [ [(-2s, b) - I’,(--24/s! + WI -‘) 
and 
R,@, n) =p’[n(l -~)/~l~“r(i) $w(t> + a ln(n(l -P>/P) 
x [Q-2s - 2, b) - P,(-2s - 2)1/s! t 0(n -‘). 
Now, using the well-known special values r(i) = 11”’ r(Q) = rr”*/2 [3, 
p. 9381, I&) = -y - 2 ln(2), w(t) = -y - 2 ln(2) t 2 [3, p. 9451, C(O) = -4, 
[(-2n)=OfornEN [13,~.268],and[(O,x)=-xtf (13,~.271]weget 
our proposition. This completes the proof of Lemma 4. 
AVERAGE HEIGHT OF TREES 207 
h(n,m) (nn) -l/2 - 
FIG. I. The average height of a planted plane tree with n nodes and m leaves as a 
function of p = m/n. 
Returning to our original problem, we obtain with Lemmas 2 and 4 for 
fixed p = m/n, 0 < p < 1, and all E > 0 
fz(n + 2, m + 1) = (rrn)““@-’ - 1)“’ + 1.5 --p-i + O(ln(n)/n”ZPE). 
Altogether we have proved 
THEOREM 3. Assuming that all planted plane trees with n nodes and m 
leaves are equally likely the average height _h(n,m) is asymptotically given 
forallE>Oandfixedp=m/n,O<p< 1,by 
_h(n, m) = (7rn@-’ - 1))“’ + 1.5 -p-l + O(ln(n)/n”2-E). 
Figure 1 shows the graph of _h(n, m) as a function of the proportion p of 
the number of leaves m to the whole number of nodes n. Assuming that all 
planted plane trees with n nodes are equally likely the average number of 
leaves of such a tree is n/2 181. A comparison of the result in [2] with 
Theorem 3 shows that the average height of a n-node planted plane tree with 
n/2 leaves (i.e., p = 0.5) is equal to the average height of a n-node planted 
plane tree assuming that all these trees are equally likely. In both cases, the 
average height is asymptotically given for all E > 0 by (7~)“~ - 0.5 + 
O(ln(n)fn”2-E). 
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